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Abstract—Consideration is given to experimentally determined values of turbulent and effective Prandtl

and Schmidt numbers within free-turbulent flows. Particular attention is given to the variations in these

moduli across flows of nearly uniform density. In highly intermittent regions the moduli may differ by a

factor of two from the values pertaining in the body of the shear layer. Simple analytical models are

used to investigate the role of intermittency and the dependence on molecular diffusivities and Reynolds
number.

NOMENCLATURE

value of eddy—diffusivity ratio in the
turbulent body of the flow;
fluctuation in concentration;

mean value of concentration;

C1,C,, empirical constants;

D,
E,

lo.
N,

Pr,
Pr,,
Pr,,
Re,
Re,,
Rey,

Ro,
Sc,

Sc.,
Se¢,,
T,
u,
U,
Uo,
v,
Ep,
Ehs
Ems

P

molecular diffusivity of matter;

value of eddy—diffusivity ratio in edge region
(for y = 3);

scale of width of free-turbulent flow;
effective value of eddy—diffusivity ratio in
outer, non-vortical fluid;

molecular Prandtl number of fluid (v/k);
effective Prandtl number;

turbulent Prandtl number (e../e4);

Reynolds number;

Reynolds number for pipe flow;

Reynolds number characteristic of free-
turbulent flow (U lo/v);

empirical constant characteristic of a species
of free-turbulent flow;

molecular Schmidt number of a contaminant
in a fluid (v/D);

effective Schmidt number;

turbulent Schmidt number (g,,/2p);

mean value of temperature;

velocity fluctuation in axial direction;

mean axial velocity;

change in mean velocity across a shear layer;
transverse velocity fluctuation;

eddy diffusivity of matter;

eddy diffusivity of enthalpy;

eddy diffusivity of momentum, eddy viscosity;
intermittency factor, the probability that the
fluid at a particular point be turbulent or
highly vortical;

molecular diffusivity of enthalpy;

molecular diffusivity of momentum,
kinematic viscosity;

temperature fluctuation;

= |¢— ¢, |, where ¢ is the time-averaged
value of any property at a point in the flow,
and ¢, is the value approached in the outer
flow at the section considered.
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1. INTRODUCTION

THE MOST common way of relating variations of time-
averaged velocity, temperature and contaminant con-
centration across a free-turbulent shear layer is through
the introduction of uniform values for the turbulent
Prandt] and Schmidt numbers. {These are the ratios
of the eddy viscosity to the eddy diffusivities of enthalpy
and the contaminant.) For round jets Pr,, Sc,=0.7
is widely used; for other shear flows (mixing layers,
plane jets, and wakes) values near Pr,, S¢, = 0.5 are
usually adopted. The numbers quoted are appropriate
to flows of essentially constant density, with the
molecular Pr or Sc not too different from unity [1].
For more varied flows in which the density varies
considerably, as a result of high velocities, large
temperature differences or large variations in species
concentration, wider ranges of the moduli Pr, and
Sc¢, are encountered [2]. Predictions are almost
invariably based on the assumptions that the moduli
are not merely uniform throughout the flow, but are
nearly independent of the molecular diffusivities and
Reynolds number, so long as the flow remains
turbulent.

The particular purpose of this paper is to inquire into
the first of these assumptions. The roles of the molecular
transport properties and Reynolds number are also of
interest, but the available experimental data for free
turbulence hardly justify definite conclusions. Never-
theless, the somewhat contradictory evidence does
suggest that changes in Pr, and Sc, from flow to flow,
consequent upon changes in Reynolds number and the
molecular values Pr and Sc, are rather smaller than the
changes across an individual flow. The reasons why this
should be so will be considered in Section 4 below.

The most detailed of the measurements from which
Pr, and Sc, can be determined are those relating to the
flows most conveniently studied in the laboratory,
namely, low-velocity jets and wakes in air, the shear
flow either being moderately heated or containing a
dilute gaseous contaminant. Fage and Falkner [3] and
Reichardt [4] have studied the plane wake; Hall and
Hislop [5] and Reichardt and Emshaus [6] have
examined round wakes; van der Hegge Zijnen [ 7] and
Davies et al. [8] have considered the plane jet; Pabst
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[9], Hinze and van der Hegge Zijnen [ 10], and Corrsin
and Uberoi [11] have made measurements in round
jets. We shall depend for the most part on this body
of data relating to essentially passive contaminants,
with Pr or Sc¢ not far from unity, in flows that develop
in a nearly self-preserving manner. The final restriction
is important not merely in providing a coherent body
of measurements, but in providing the justification
for the calculation of the ratios Pr, and Sc, from profiles
of mean values, as is shown in the Appendix to this
paper. Although only a few comparisons wil be made
with measurements lying outside the class specified
above, it is instructive to note some allied lines of
investigation.

Our knowledge of transfers across turbulent mixing
layers is more limited than that for jets and wakes.
Watt [12] has studied velocity and temperature
variations and fluctuations in a mixing layer in air, but
the accuracy obtained was not sufficient for the
confident prediction of turbulent Prandtl numbers.
(For this species of flow, as is shown in the Appendix,
itis not possible to determine Pr, from the mean-value
profiles alone; measurements of the double-velocity
(shear-stress) correlation u@ and the velocity—
temperature (heat-flux) correlation v0 are also
required.) Rebollo [13] has studied velocity and con-
centration variations and fluctuations in mixing layers
between streams of helium and nitrogen, and has deter-
mined variations of S¢, from these data. However, this
is a case in which large changes in density are found;
indeed, this flow differs from pure gaseous jets in that
continued mixing does not carry it towards the low-
concentration limit.

Studies of Pr, and Sc¢, in jets with Pr and Sc
substantially different from unity have been carried out
by Keagy and Weller [14], Forstall and Shapiro [15],
Forstall and Gaylord [16], Sakipov and Temirbaev
[17], and Way and Libby [18]. The distribution of
small particles in jets displays somewhat similar
features; work on flows of this kind has been reviewed
by Goldschmidt et al. [ 19] and Lilly [20]. Many of the
investigators whose work is reported in [14] to [18]
have given only the mean values of the turbulent or
effective Prandt]l number that were obtained by fitting
semi-empirical models to measured profiles of velocity,
temperature and concentration.

A number of investigations have been made into pure
gaseous jets in air [ 14, 18], but these include another
source of variability, namely, the large density changes
across and along the flow. After prolonged mixing with
their environment, these flows ultimately merge with
the class of flows with dilute concentration, but in
practice measurements have been made rather close to
the efflux, where the density variation is still large. These
remarks apply also to studies of strongly heated air jets,
some of which are reviewed by Schubauer and Tchen
[21] and Beér and Chigier [22].

Finally, we may note the large amount of work
related to the propulsive jets of rockets and jet engines
and to the wakes of vehicles moving at high speed
through the atmosphere. Typically, these experiments

involve high Mach numbers [23, 24], large concen-
tration variations [25-27], coaxial jets [25, 27, 28], or
more general outer flows [26]. A variety of attempts to
predict these complex flows and the simple ones we
shall consider are presented in [2, 29].

2. SURVEY OF DATA

We shall consider variations of Pr, and Sc¢, in wakes
and jets whose motion is essentially independent of the
variations in temperature or concentration. In the
Appendix to this paper it is shown that the turbulent
Prandtl and Schmidt numbers can be calculated as

AU oT/cy
Pr, = tufoy = o o1, (1)
AT 0Ujdy
AU &C/ey
= tpfop = — )
S = tnltn = K¢ 20Ty 2

for fully turbulent wakes and jets, that is, when the
contributions of molecular diffusion are negligible. It is
assumed in the derivation that:

(a) the motion is governed by boundary-layer or
thin-flow approximations to the equations governing
momentum, heat- and mass-transfers,

(b) the profiles of the averaged properties (U, T, C,
b, v0 and TC¢) are of self-preserving form, and

(c) the boundary conditions for the three transfer
processes are of similar form.

The existence of a self-preserving pattern of develop-
ment requires that the flow be independent of external
influences such as an inconsistent pattern of external
convection or background turbulence. Uniform con-
vection was present in the jet flows studied by Pabst
[9], but when the decay of the velocity excess is well
advanced this flow should degenerate into a “negative
wake”, self-preserving as is the normal wake with
negative momentum. Background turbulence was
found to have a significant effect on the results of
Lilly [20], and its role has been investigated analytically
by Fink [30].

In the plane wake and round jet the molecular and
turbulent transfer processes develop in the same way
along the flow. Hence the formulae (1, 2) apply even
when molecular transport is significant. The effective
values

+&m '+ Em
YT and Sco = (3)

Pr, =
D+8D

K+é&p

are then determined by these equations. This extension
is not possible for the round wake and plane jet; they
must be fully turbulent if the results (1, 2) are to be
applicable. The turbulent mixing layer cannot be
treated using these simple formulae—save in the
limiting case in which the bounding velocities are very
nearly equal—since a single explicit integration of the
governing equations is not possible for this flow.
Figures 1-6 show the variations in turbulent or
effective Prandtl and Schmidt numbers for five free-
turbulent flow species: round and plane jets and wakes,
and the convected round jet. Corresponding profiles
of mean velocity and intermittency factor are also
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FiG. 1. Dependence of turbulent Schmidt number (solid
points) on position within a round jet of air, from results of
Hinze and van der Hegge Zijnen [10]. Their velocity vari-
ation (solid line) is also shown, together with the inter-
mittency profile (dashed line) of Corrsin and Kistler [31].
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FiG. 2. Effective Prandtl numbers within round

jets of oil (solid points) and of mercury (open

points), from results of Sakipov and Temirbaev

[17]). Their velocity distribution (solid line) is also

shown, with the intermittency profile (dashed line)
of Corrsin and Kistler [31].

shown where they are available. The diffusivity ratios
of Figs. 2 and 4 were calculated by Hinze and van der
Hegge Zijnen using the formulae (1-3); the other values
have been found by applying these results to published
mean profiles. Since many of the measurements were
made at sections at which the flow is still moving
towards a self-preserving form, the use of this method
of analysis is not entirely justified. However, it may be
many years before the measurements required for more
convincing calculations are carried out. The velocity
measurements gven in the figures are those on which
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FiG. 3. Effective Prandtl numbers within round
convected jets of heated air, from measurements
of Pabst [9]: (U;—U,)/U; = 0.53 (open squares),
0.74 (solid points) and 0.95 (open points). (U; is
the initial jet velocity, and U, is the uniform con-
vection velocity in the outer flow.) The arrows
mark the positions where AU/U, = 0.2; the right-
hand arrow relates to (U;— U,)/U; = 0.53, and the
left-hand arrow to the other two jets.

.
0 008 0.16 0.24
y/ L,
F1G. 4. Turbulent Schmidt numbers (solid points)
within a plane jet of air, from measurements of
van der Hegge Zijnen [7]. His velocity profile is
also shown.
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F1G. 5. Turbulent Prandtl numbers (solid points) within a

plane wake, from measurements of Reichardt [4]. His vel-

ocity distribution (solid line) and the intermittency distri-
bution (dashed line) of Townsend [32] are also shown.
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Y/

F1G. 6. Turbulent Prandt] numbers (solid points) within a
round wake, from measurements of Reichardt and Emshaus
[6]. Their velocity distribution is also shown.

the diffusivity calculations were based, but the inter-
mittencies were obtained from separate investigations
by Corrsin and Kistler [31] and by Townsend [32].

It is usual to assume that the relationships

Pr,=f(Pr,Re) and Sc,= f(Sc, Re) 4)

have exactly the same functional form, and it then
follows that the effective values (3) are related in a like
manner. As noted earlier, this analogy between heat-
and mass-transfers does not extend to large tempera-
ture and concentration differentials, nor to the
transport of finite particles or long-chain molecules
that deviate from or modify the local fluid motion. Nor
does it apply exactly in turbulent gas flows, for reasons
that have been set out elsewhere (Reynolds [33, 34]).
However, in the present context any lack of precision
in this analogy will be neglected, in keeping with the
neglect of the influence of Reynolds number on Pr,
and Sc,.

For all of the results presented the basic fluid was
air, and Pr, Sc = 0.3-1.0, save for the measurements of
Sakipov and Temirbaev (Fig. 2), which relate to jets in
oil (Pr ~ 100) and mercury (Pr = 0.024). Hence for the
majority of the cases considered the analogy between
heat and mass transfer will be nearly perfect, so far as
the dependence on Pr and Sc is concerned, provided
that equations (4) are correct. Figures 1 and 2 relate to
jets in fluids with very different values of molecular
Pr, yet the results are very similar over much of the
shear layer. The differences in the outer part of the flow
can readily be explained by reference to the increasing
role of the molecular diffusivities there. An attempt will
be made in Section 4 to rationalize the similarity of the
inner portions of the profiles.

The experiments of Pabst (Fig. 3) differ from the
others in two ways, first in having a uniform outer
convection velocity which provides turbulence beyond
the shear layer and slows the development towards a
self-preserving form and, secondly, in having a rather
large ratio of jet temperature to ambient temperature
(the ratio of absolute temperatures was about two for
these tests). These features may explain the excep-
tionally low values of Pr, achieved in the body of the
shear layer; other experiments with relatively light jets
[14. 18, 27] display the same feature.

Some of the data given in Figs. 1-6 indicate a small
increase in the diffusivity ratio very near the axis, while
others suggest a nearly uniform value in the nearly-
always-turbulent region. In view of the difficulty of
determining the required slopes accurately near the
axis, the two kinds of behaviour are equally plausible.
For most engineering calculations it should be sufficient
to adopt a uniform value of Pr, or Sc¢, in this central
region, but this is probably no more than a convenient
approximation.

3. THE ROLE OF INTERMITTENCY

The most striking feature of the results under con-
sideration is the large difference between the diffusivity
ratio in the body of the shear layer and those near the
outer boundary. Typically, the region in which the
diffusivity ratio is substantially different from the body
value is that for which the intermittency factor y < 0.7
and the velocity defect satisfies AU/Uy < 0.2. If the
outer limit of the shear layer is arbitrarily defined by
y = 0.2, this edge region is found to occupy nearly one-
half the cross-sectional area of the layer.

In only one case, that of the round wake (Fig. 6), are
the values in the edge region consistently less than those
in the body of the flow. The turbulent Prandtl numbers
obtained from the round-wake results of Hall and
Hislop [5] are identical, within the scatter arising from
the numerical differentiation, to those plotted. In this
connexion we may note that the measurements of Fage
and Falkner [3]for the plane wake behind a lenticular
cylinder are closely represented by Pr,=0.5, with
perhaps a small drop at the very edge of the region in
which measurements were made. This pattern is inter-
mediate to the wake results of Figs. 5 and 6.

For the jet flows the relationship between body and
edge values is clearer, with the turbulent moduli rising
rapidly in the edge region in every case.

Table 1 gives the diffusivity ratios typical of the body
and edge region of each kind of shear layer: B is the
mean value for the central part of the flow; E is the
value for y = 4. The tabled values are thought to be
correct to +0.05, with B for the round jet more
precisely known, since this flow has been studied more
often.

Table 1. Values of Pr,, Sc, for Pr, Sc close to unity

Pr, or S¢,
B, E, N,
Flow species  body value edge value outer value
r=1 (y=1% —0)
Round jet 0.73 1.2 1.7
Round wake 0.8 0.55 03
Convected round jet 0.6 1.1 1.6
Plane jet 0.5 0.9 1.3
Plane wake 0.5 0.6 0.7

We note that the body values for the round or
axisymmetric flows are larger than those for plane or
two-dimensional flows. On surveying data relating to
the central region or turbulent core of flows within
closed channels, Groenhoff [35] reached a similar
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conclusion: Pr,, Sc,~ 0.8 for flow in a round pipe,
and Pr,, Sc, ~ 0.5 for flow in a plane channel, in each
case for Pr, Sc near unity. On the other hand, Table 1
shows that the edge value for free turbulence depends
on whether the flow is a jet or a wake, with jets having
values about twice those for wakes. Blom [36], in
surveying measurements of Pr, for turbulent boundary
layers, found behaviour more like that observed here for
jets, with higher values in the outer turbulent region of
the layer.

Rebollo’s [13] study of the turbulent mixing layer
between pure nitrogen and pure helium gave Pr,
variations generally similar to those considered here,
with values 0.2-0.4 in the always turbulent region,
rising to 1.2-1.4 in highly intermittent conditions. The
very low body values may be ascribed in part to the
two-dimensional nature of the basic flow (compare with
Table 1), and in part to the large density variation,
which commonly gives rise to low central values of Pr,,
as was noted earlier.

From the practical point of view cross-flow
variations in Pr, and Se¢, are important because the
assumption of a uniform, low value will lead to an
overestimate of the width of the temperature or
concentration profile relative to the velocity distribu-
tion, that is, to the prediction of excessive values of
AT and AC in the outer part of the flow. From the
fundamental point of view the variations are important
in suggesting that a quite different treatment will be
required for the analysis of intermittently turbulent
flows. Some steps in this direction have recently been
taken by Libby [37], but calculations of heat- and
mass-transfer have not yet taken explicit account of
intermittency. In a recent survey of methods of predict-
ing turbulent Prandtl and Schmidt numbers [34], only
a few were found that had any pretensions to dealing
with free-turbulent flows (Tyldesley [38] and Buleev
[39]). Not surprisingly, more attention has been given
to wall flows, which occur in a wider range of
applications of technical importance.

A satisfactory treatment of transfers of heat and
matter within free-turbulent flows will undoubtedly
utilize transport equations rather than phenomeno-
logical entities such as eddy diffusivities and Prandtl
and Schmidt numbers incorporating them. Neverthe-
less, it may be convenient for engineering calculations
to have available some simple rules connecting the
distributions of mean velocity and other mean
properties. For those cases in which the distributions
of both Pr, and y are known, the edge region in which
Pr, departs from the body value corresponds roughly
to the region in which y departs from unity. A simplistic
explanation is provided by the hypothesis that the
actively turbulent fluid is characterized by one value of
the turbulent Prandtl number (B) and the non-vortical
outer fluid by another (N, say). This postulate is
expressed in the formula

Pry=yB+(1-y)N ©)

but this may prove useful as an interpolation formula
even if the idea behind it proves to be incorrect.

It is reasonable to expect that B = f(Pr, Re), while
N may be primarily a function of the statistical
kinematics of the interface and hence virtually
independent of Pr and Re. (The nature of the functional
dependence of B will be considered in Section 4 below.)
Hence the superposition (5) provides a means of
estimating the variation of the Pr-profile with changes
in the molecular value Pr.

The outer value N can be estimated in terms of
numbers already given in Table 1 as

N=2E-B 6)

since E is the value of Pr, pertaining when y = 4. The
results obtained from this equation are given in the final
column of Table 1 for the five flows for which experi-
mental data are available. They suggest the ultimate
levels that may be attained by Pr,, Sc, at the edge of a
shear layer, where calculations using equations (1, 2) are
at best inaccurate and in practice impossible since data
are not available.

The values of N for the three jet flows are not very
different, being grouped around Pr, = 1.5. The values
for the two wake flows differ markedly from one
another. Moreover, the variation of Pr, near the edge
of the plane wake is rather uncertain, and may conflict
with the simple proposal (5). We may conclude,
however, that the values of N for wakes are of the
order of one-half to one-third those for jets.

4. GENERAL NATURE OF DEPENDENCE ON
MOLECULAR PROPERTIES
One feature of the experimental results for a round
jet on which some light can be cast is the apparent near
independence of the body value of Pr, of the molecular
value Pr; compare Figs. 1 and 2. From the many
formulae (see Reynolds [34]) purporting to indicate the
dependence Pr, = f(Pr, Re), we select the simple result

1+C PriRe
r, =
! 1+ CyRe™ ¥

In [33] the constants C; =86 and C, =200 are
suggested as representative of the cores of pipe flows,
for which Re = Rey; = U,d/v, with U, the average
velocity and d the pipe diameter. In order to estimate
the trends in free turbulence, we modify these constants
to

Q)

C;=30 and C; =50 (8)
and take
Re = Rey = Uy lo/v

where Uy is the velocity change across the layer and
lo is the length scale measured from the axis to the
point at which AU/U, = 4, say.

The values (8) can be justified as follows. To account
roughly for the alterations in the velocity and flow-
width scales, we might substitute Re; = 8Reo,. How-
ever, the resulting values, C; = 30 and C; = 70, lead to
unrealistically low predictions of Pr, for the much-
studied case of a round jet in air. Accordingly, the ratio
of the constants has been altered in order that the
formula represent this case with reasonable accuracy.
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We turn now to the effective value Pr.. From
equations (3) we have

1+v/e,
Pr, ——
L+ (v/em)Pri/Pr

For free turbulence the difference between Pr, and Pr,
can be estimated, for any combination of Pr and Re,
by taking the eddy viscosity to be uniform within the
turbulent body of the flow. Considerations of self-
preservation and dimensional homogeneity lead to

U lo/em = Ro

Pr, = )

with Rp a constant for any one species of free-turbulent
flow. Hence

Viem = Ro/Reg . (10)
For a specified value of the flow constant Ry, equations
(7-10) now define Pr, = f(Pr,Rey). Values of R,
appropriate to a number of flow species are given in
Table 7.2 of [32].

10" 10 Re,

\\ \ Pr,
\
\
\
\

0.01 [eX} i el 100

Pr

Fi1G. 7. Theoretical model for the dependence of effective

Prandtl number Pr, (solid lines) and turbulent Prandtl num-

ber Pr, (dashed lines) on molecular Prandtl number Pr and

mean-flow Reynolds number Reo. The results relate most

closely to a round jet. The Schmidt numbers Sc, and Sc,
display similar dependence on Sc and Re,.

Figure 7 shows the variations of Pr, and Pr, indicated
by these formulae for two Reynolds numbers and for
Ry = 35, the value appropriate to a round jet. These
results are probably incorrect in detail, but from them
we can draw some conclusions broadly applicable to
this and other free-turbulent flows (and applicable also
to mass transfer if Pr is replaced by Sc): (a) Pr, and
Pr, are nearly equal for Pr>05. This range en-
compasses most realistic cases (liquid—metal heat-
transfer excepted), but the conclusion must be applied
with caution to the outermost, highly intermittent part
of the flow. (b) For Pr> 0.5, Pr, increases with
increasing Reynolds number; Pr. always increases with
Reynolds number. (c) In an intermediate range,

0.3 < Pr< 3, for example, the effect of Reynolds
number is small. This range includes almost all cases
of heat transfer and diffusion in gases, and also some
examples of heat transfer in liquids. (d) The band
Pr.=0.7+0.2 encompasses most realistic situations,
since there are few applications near Pr, Sc = 0.1.

The final conclusion shows how it is possible for
nearly equal body values of Pr, to be obtained for
Pr=10.02, 0.7 and 100, as appears to be the case in
Figs. 1 and 2. An examination of equations (7, 9) shows
that the limited range of Pr,, Sc. is the result of opposing
effects of the direct dependence on Pr and that implicit
in Pr,.

5. CONCLUSIONS

(2) Turbulent Prandtl and Schmidt numbers vary by
a factor of two or more across most jets and wakes;
the exception is the plane wake where the variation is
probably small.

(b) For jets the outer values of Pr, and Sc, are
around 1.5; failure to account for this will lead to the
prediction of excessive values of AT and AC in the
outer part of the flow.

(c) Very large changes in the molecular values Pr
and Sc have a marked influence on the effective values
Pr. and Sc, in the outer part of the shear layer. In
the body of the layer the changes in Pr, and Sc, are less
marked, since the direct dependence on Pr or Sc is
opposed by the indirect dependence through Pr, and
Sc;.

(d) These conclusions relate to nearly self-preserving
flows at substantially uniform density. The evidence is
meagre for free-turbulent flows with large density
variations, convected by possibly complex streams, but
it indicates that even larger changes in Pr, and Sc,
occur in such flows.
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APPENDIX: RESULTS FOR SELF-PRESERVING
FREE-TURBULENT FLOWS

For simplicity, we consider the particular case of a heated
plane wake, for which the momentum and thermal energy
equations are

U, 8U/éx = —ouv/dy+v a2 U/ey?
and
U, éH/ex = —dvhjey +x 82 HI8Y?
subject to the usual boundary-layer and small-deficit

approximations. Assuming a self-preserving mode of
development, we take

U= U+ Usf), Usgizln),
H=H +Hyj(n) and vh= UsHoks(n)

where n = y/ly and Iy, Uy and Hy are the scales for width,
velocity and enthalpy.
The governing equations now become

Ci{f+nfy = —g12+f"/Reo

uv =

and (Al)
Glitnf) = —ks+j"7Pes
with
Reg = Uglp/v and Pep = Uy = Uply/x (A2}
and

Cy = —(Uy/Uo)dlo/dx

all constants in this situation, since the momentum-flux
deficit is uniform along the flow.
Subject to the conditions of symmetry
f'::g,zzj’=k2=0 at YI:O
integration of the two equations gives

Cinf= —g12+f/Reo

and {A3)
C} YH‘ = —kz +}?P€0
whence
.}_r _ —g12+f/Reo
i —ka+jiPes
introducing the eddy diffusivities, we have
+v [ '
fomty S/ p S
] etk ] 7
or, in terms of dimensioned quantities
U—-U,eT/dy
pe = S-S0y (Ad)

T T—T, aUjOy
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The derivation of this result requires that the scaled
equations (Al) be ordinary differential equations, that they
be integrable to give direct relationships (A3) between fluxes
and mean properties, and that the scaled convective
derivatives have the same structure. For the particular flow
considered above, Rey and Pe, are constants, since the
momentum deficit is invariant along the flow. This is also
true for the round jet, but not for the plane jet, round wake
and plane mixing layer. However, the molecular terms can
be dropped without significant error, provided that Pr £ 1,
and that Reg is large enough. The resulting equations for
the plane jet and round wake can then be integrated, and
the result (A4) is recovered. but with Pr, replacing Pr,. The
modified equation (A4) is then equivalent to equation (1).

The momentum and thermal-energy invariants for the five
self-preserving flows (round wake and jet, and plane wake,
jet and mixing layer) ensure that the ratio of scales Uy/Tp
(here Tp is a time scale) is constant along each flow. Hence
the scaled convective derivatives for velocity, enthalpy and

concentration have the same form in the three equations
governing an individual flow, as is the case in equations (A1),

We conclude that equations (1. 2) apply to round wakes
and plane jets, unless Pr or Sc « | or y -0, and that the
modification indicated in equation {A4) holds for the plane
wake and round jet. even in these extreme cases. Equations
(1, 2) also apply to self-preserving patterns of development
in suitably tailored streaming flows, but not for an arbitrary
outer flow. In particular, they do not apply for a uniform
outer stream, except in the wake limit, Uy /U, « L.

For the self-preserving mixing layer. the governing
equations, with molecular contributions rejected, reduce to

FF'=g¢,, and Fj =k,

where F is a scaled stream function, such that U = Uy F'.
Although these equations have a simple structure, they
cannot be integrated explicitly in the manner of equations
(A2), and no formula can be found giving Pr, directly in
terms of the variations of mean velocity and temperature.

VARIATION DES NOMBRES DE PRANDTL ET DE SCHMIDT TURBULENTS DANS
LES SILLAGES ET DANS LES JETS

Résume—On s’interesse aux valeurs d’origine expérimentale des nombres de Prandtl et de Schmidt

turbulents et effectifs mesurées dans les écoulements libres turbulents. Une attention particuliére est

donnée aux variations de ces grandeurs a travers des écoulements de densité presque uniforme. Dans

les régions fortement intermittentes les valeurs obtenues peuvent différer, par un facteur deux, des valeurs

relatives au coeur de la couche cisaillée. Le role de I'intermittence et Iinfluence des diffusivités moléculaires
et du nombre de Reynolds sont étudiés a I'aide de modéles analytiques simples.

DIE VERANDERUNG DER TURBULENTEN PRANDTL- UND SCHMIDT-ZAHL
IN NACHLAUF- UND DUSENSTROMUNGEN

Zusammenfassung— Die Betrachtung erstreckt sich auf experimentell ermittelte Werte der turbulenten

und effektiven Prandtl- und Schmidt-Zahl in freien, turbulenten Stromungen. Besonders betrachtet

werden die Verdnderungen quer zu Strdmungen von nahezu einheitlicher Dichte. In stark intermittierenden

Bereichen konnen sich diese Moduln um einen Faktor 2 dndern gegeniiber den Werten in einer

Scherschicht. Nach einfachen analytischen Modellen wird der Einflu dieser Schwankungen untersucht
und der EinfluB von molekularer Diffusivitdt und der Reynolds-Zahl festgestellt.

UIMEHEHHME TYPBYJIEHTHbBIX YWUCEJ NPAHOT/IA U IMUITA
B CJIENAX U CTPYAX

AnroTanus — PaccMaTpHBAIOTCH 3KCHEPHMEHTANBHO HafAeHHbie TypOyseHTHbe M 3¢ deKTHBHLIE

yucna [Ipaunrns u HImuara s cBoOGOMHOKOHBEKTHBHBIX MOTOKOB. Oco60e BHHMAaHME YAENEHO

HM3MEHEHHSIM 3THX [IapaMeTPOB B NOTOKaX C IOYTH OAHOPOAHOM MIIOTHOCTHIO. B 06macTax ¢ Bricokoit

CTENEeHbI0 NepeMEXAEMOCTH MapaMeTPhl MOTYT OT/IMYAThCA B IBA pa3a OT MX 3HAY€HHI B IIOTPaHHY-

HOM croe 0koJo Tena. Mcnosb3yroTes NpocThie aHaTNTHYECKHE MOENH JUIA MCCIIENOBaHMA BKJIaga

epeMEXAEMOCTH ¥ 3aBHCMMOCTH BBILIEYKA3aHHBIX TAPAMETPOB OT MOJIEKYIAPHBIX KO3 PHUIHEHTOB
auddysun u yucna Peltnonbaca.



